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Unique determination of potentials and semilinear terms of 
semilinear elliptic equations from partial Cauchy data 
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O 

CN ! Abstract 

For a semilinear elliptic equation, we prove uniqueness results in determining potentials and semilinear 



terms from partial Cauchy data on an arbitrary subboundary. 



1 Introduction 

Let f2 be a bounded domain in R 2 with smooth boundary, T be a relatively open subset on dfl and T = dft\T. 
' Consider the following boundary value problem: 

Oh! 

^ fin P(x, D)u := Au + q(x)u - f(x, u) = in O, u|r = 0, (1) 



Henceforth we set L(x, D)u = Aw + qu. 

Consider the following partial Cauchy data: 



C q j = <!((*, tt- I 



....... . ;P(x,D)u = inn, u\r = 0, u e H l (n) } 

> . IV dv J f J 

00 

{■f) ' Here v is the unit outward normal vector to dil. 

The paper is concerned with the following inverse problem: Using the partial Cauchy data C q , determine 
the coefficient q. Assume that 

and for some positive constants p > 1, C\, C%, the following holds true: 

><! f{x,y)y>C 1 \y\ P+1 'C 2 , V(x,y) 6fix M 1 . (3) 

5-H ■ 

Moreover for some p\ > 0,P2 > 0, C3 > and C4 > 0, the following inequalities holds true: 



8f 8 2 f 

\^(x,y)\<C 3 (l + \ y n, V(x,»)eflxR 1 , l^^.y)! <C 4 (l + |yr), V(z, j,) e x R 1 . (4) 



Our first main result is concerned with the uniqueness in determining a linear part, that is, a potential 

q- 

Theorem 1 Let functions fi,f% satisfy (0), ^ and q.j € C 2+a (£l), j = 1,2, wif/j some a £ (0,1). 
Suppose that C qi j 1 = C q2 j 2 . Then qi = q 2 in Q,. 
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Remark 1. Since our assumptions on the potential q and nonlinear term f in general do not imply 
the uniqueness of a solution for the boundary value problem for the elliptic operator P(x, D), by the equality 
Cqiji = £qi,fn we mean the following: for any element (vi,v 2 ) fromC qi j 1 , there exists a function w £ 
such that P 2 (x, D)w — Aw + q2W — f^{x, w) = 0, w|r = 0, w\f — v\ and = i>2- 

Remark 2. Theorem [7] is still true if condition |3J) is replaced by following: there exists a continuous 
function G such that a solution to the boundary value problem 

P(x, D)u = in fi, u\on = g 

satisfies the estimate 

\\u\\ Him <G(\\ 9 \\ Hi(dn) ). 
Condition (0) is used in deriving the inequality 

For any F(t) e C([0, 1]; C 2+a (Ti)) with a E (0, 1), wc introduce the set 

O f = |J {(x,(F{t)){x))}. 

o<t<i,xen 

Let 

U 3 = {F e C([0, l];C 2+ "(fi)); F(0) = u{-,t) := F(t) satisfies 

Au(x, t) + qju(x, t) — fj(x, u(x, t)) = 0, x G fi, u(-,t)\r = 0}, j = 1,2. 

The second main result asserts the uniqueness for semilinear terms fk , k = 1 , 2 in some range provided that 
the potential q is known: 

Theorem 2 Let q\ = q2 = q € C 2+Q (fi) be arbitrarily fixed. Let functions fi, f 2 € C 3+Q (fi x R 1 ) for some 
a € (0,1), satisfy |3J), O) and fi(-,0) = f 2 (-,0) =0. Suppose that C q j 1 = C q j 2 . Then 

fx ~ fz = in Uje{i, 2 } Ufgw 3 

Combining Theorems 1 and 2, under stronger conditions on fk, k = 1, 2, we can prove the uniqueness in 
determining both o and /(a;, u). 

Corollary Let qi,q 2 € C 2+Q (fi) and let functions fi,f 2 £ C 3+Q (fi x M 1 ) m£/i some a e (0,1), safe/?/ (0), 
(0) and Q). Suppose that C qi j 1 — C q2 j 2 . Then q± — q 2 in fl and 

h ~ fz = in LU{i,2} Ufsw, 

Remark 3. Under the condition of Theorem^ we can not completely recover the nonlinear term. Indeed, 

if p G C 2 (fi), p\on — 0, ^ < on <9fi and p > in fi, under assumptions (0) and {2|), we /iaue t/ie following 
a priori estimate proved in 

[ p K (\Vu\ 2 + \u\ p+1 )dx < C 
Jn 

for u G if (fi) satisfying P(x,D)u = in fi. -ffere a constant C is independent of u and k depends on p. 
Such a estimate immediately implies that for any fii CC fi, there exists a constant C(fii) > such that 

\\u\\ c °(Th) ^ 
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This estimate and |3J) imply that for any x € Q\ a nonlinear term f(x, y) can not be recovered for all 
sufficiently large y. 

Restricted to the linear elliptic equation in two dimensions, there are quite rich references and here 
we give a very partial list. In the case T = dfl of the full Cauchy data, the uniqueness in determining a 
potential q in the two dimensional case was proved for the conductivity equation by Nachman in [21] within 
C 4 conductivities, and later in [2] within L°° conductivities. For a convection equation, see [5]. The case of 
the Schrodinger equation was solved by Bukhegim [J]. In the case of the partial Cauchy data on arbitrary 
subboundary, the uniqueness was obtained in for potential q G C 2+Q (f2), and in [13], the regularity 
assumption was improved to C a (Q) in the case of the full Cauchy data and up to Wp with p > 2 in the 
case of partial Cauchy data on arbitrary subboundary. The case of general second-order elliptic equation 
was studied in the papers [12] and [10]. The results of [9] were extended to a Riemannian surface in [7] 
and system of linear equations in [14] . The case where voltages are applied and currents are measured on 
disjoint subboundaries was discussed and the uniqueness is proved in [11]. Conditional stability estimates 
in determining a potential are obtained in [22]. As for the cases of the dimensions > 3, we refer to [20] and 
the references therein. 

Our main results establish the uniqueness in determining semilinear terms by partial Cauchy data on 
arbitrary subboundary, and to our best knowledge, there are no publications in this case. On the other hand, 
we can refer to several works on nonlinear elliptic equations by not arbitrary subboundary as follows. The 
uniqueness results for recovery of the nonlinear term in the semilinear elliptic equation were first obtained for 
the full Cauchy data in three dimensional case by Isakov and Sylvester in |18] and in two dimensional case by 
Isakov and Nachman in [T7| . It should be mentioned that the proof of the analog of Theorem 1 in those papers 
requires the uniqueness of solution for the Dirichlet boundary problem for the operator P(x, D). Later this 
result was expanded to the case of a system of semilinear elliptic equations by Isakov in [16] . Also see Kang 
and Nakamura [19] for determination of coefficients of the linear and the quadratic nonlinear terms in the 
principal part of a quasilinear elliptic equation. In a special case where a nonlinear term is independent of x, 
the uniqueness was proved in determining such a nonlinear term from partial Cauchy data |15) . Moreover we 
note that in [TO] and [18], the monotonity of f{x 1 u) with respect to u is assumed. In general, if a nonlinear 
term depends on x, u and the gradient of u, then it is impossible to prove the uniqueness even for the linear 
case. This can be seen by [14] if we consider the term —f(x, u, Vu) = A(x) ■ Vu + q(x)u . 

The paper is composed of four sections. In section 2, we prove Theorem 2 provided that Theorem 1 is 
proved. Sections 3 and 4 are devoted to the proof of Theorem 1. 

2 Proof of Theorem 2 

Henceforth let d% = d^d^, /3 = (Pufo) G (NU {0}) 2 and \f3\ = fix+fo- We set P k (x,D)u = Au + q(x)u- 
fk(x, u), k = 1,2, and Ux t t(x) = u(x, t). Let u 2 ,t G H t G [0, 1] satisfy 

P 2 (x, D)u 2 , t = in Q,, u 2 ,t = ui tt on dfl, Vi € [0, 1]. 

Then C q j x = C q j 2 yields 

/ dui it du 2 , t \ . . WJ rn 

(^r-^fjlr=°: V*e[0,l]. 

By (j4j) and the Sobolev embedding theorem, f 2 (-, U2,t(-)) € L K (Q) for any k > 1. The standard solvability 
theory for the Dirichlet boundary value problem for the Laplace operator in Sobolev spaces implies u 2 j G 
H 2 {n). Hence f 2 (-,u 2 ,t{-)) G C 5 (fi) for any a £ (0, 1). Then, since u 2)t G C 2+a {dn), the solvability theory 
for the Dirichlet boundary value problem for the Laplace operator in Holder spaces implies u 2 ,t G C 2+a (il). 
By the assumption, there exists a constant K > such that 

sup |K,tHc°(n) < K. (5) 
*e[o,i] 

We claim that 

ui, t =u 2 ,t, Vte[0,l]. (6) 
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Our proof is by contradiction. Suppose that for some to € (0, 1], this equality fails. Let i* be the infimum 
over such to. 

Setting ut = « 2> t — u%,t, we have 

Au t - q{t,x)u t = fi{x,ux,t) - h(x,ui tt ) in Q, ut\an = 0, ^~lf = > (7) 

where q(t, x) — —q(x) + j^ ^■(x,(l — s)u2,t(x) + sui tt {x))ds. To this equation, applying a Carleman estimate 
with boundary term (see e.g., [5]), we can choose some function <j> £ C 2 (fl) such that 

\\e T *u t \\ H ^ [n) < Cr*||e T *(/ 1 (.,«i) - / 2 (-,«i))|U» ( n), Vr > r . 
Here \\v\\ H 2, T(n) = (j2\p\<2 t 4 ~ 2|/91 \\ 

w llffl3i(f2)J ■ That is, fixing a large r > arbitrarily, 
IK||H a (n)<C||/i(. J «i)-/ 2 (-,ui)|| ia(n ) l Vie [0,1], (8) 

where a constant C > depends on fixed r. 
Consider the boundary value problem 

Aw fe;t + q{x)v k ,t u k ,t)vk,t ~ fk{x, v kt ) 

dy 



= Av kit + q{x)v ktt - fk(x,v kit +u kit ) + fk(x,u k , t ) = in SI, v k>t \ ro = 0, 

3/fc 
9y 



where / fc (x, to) = io + u k>t ) - f k (x, u k>t ) - -g^{x, u k<t )w. Obviously the functions f k satisfy ([2]), Q and 
(g|). Moreover 

Indeed let (101,102) eC_e/i, , ? . Let io G H 1 (Sl) be the solution to the boundary value problem 

Q Qy \ X , U l,t),Jl 

d fi 

Aw + qw — - — (x, u\ t)w — fx(x, w) = in SI, 10 |r„ = 0, w\f.=w±. 
ay 

such that §jr | f = W2 ■ 

On the other hand, the function w + U\t solves the boundary value problem 

A(w + ux tt ) + q(w + ui, t ) - fi(x, w + ux,t) = in SI, (io + Ui, t ) |r = 0. 

Let m satisfy 

Am + qu — f%(x, u) = in Q, u|r = 

and 

m = io + u\,t on L. 

Then, by assumption C q j t = C q j 2 , we have 

du _ d(w + ni, t ) ~ 

Setting w — u — 1*2, t, we obtain 

9/2 

Aw + - (x, u 2 ,t)w - hi x , w ) = in SI, w\r = 0. 

Then on L we have 

w - w — (u - u 2 ,t) - (u - U\,t) = ui,t - «2,t = 
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and 



dw dw du du2,t dw 
dv dv dv dv dv 
dw dui t duo t dw 

= 1 — =2i =0. 

dv dv dv dv 

Therefore w = wi and §^ = wo on T. Hence fwi , w 2 ) & C o/ 2 , . =• . Since the reverse inclusion can be 
proved similarly, we have proved 

9- w( x >«i.*)>/i ~~ 9--%-(»,«2,t),/2' 



Therefore we can apply Theorem 1 to this equation. Hence we have the uniqueness for the potential, 
that is, 

^(x ) u 1<t ) = ^(x ) u 2>t ) inQ, Vie [0,1]. (9) 
dy dy 

Denote j(t) = ||ui jt - Mi,t.Hc°(r2) + \\u 2 ,t - U2,u\\c°(ny Since u\ tU = u 2 ,t, in 17, we have tti,tj = 
Auij, = Au,2,t, = f2{x,u\.t,) in f2. Therefore 



r it{x) (dh df 2 \ 



If s G (ttx,t„(x),Wi j t(a;)), then, by the continuity of Ux,t(a;) with respect to t and the intermediate value 
theorem, there exists to(s,x) € [0, f] such that s = Ui^u x ){x). Hence 



/i(a;,"i,t(^)) - /2(af)«i,t(a:)) 
Applying © and (|5|), we have 

fi(x,ui tt (x)) - f 2 (x,ui, t (x)) = 



u i,t„ (x) 



df_ 

dy 



j( x , u i,t (s,x)(x)) ~ ^( x i u iM»>x)( x ))j ds - 



«l,t, (x) 



^ j 2 df 2 
^(x,u 2MSyX) (x)) - — (x,Ui tto ( s>x )(x)) ) 



< 



< 



dy 2 

2 



<9y 2 



sup \(u l T - u 2j )(x)\j(t) 

C°(Qx[-K,K]) te(0,t) 

^sup {(u^-u^ix^it). 

C°(Qx[-K,K]) te(t,,t) 



(10) 



In order to obtain the last inequality, we used the fact that u 1 j- — u 2 j = for all t from [0, £*]. Therefore 
inequality (fTU]) implies 



_sup H/ifou^) - /aCaJ.^i^lli^n) <C7(t)_sup \\u-yj- u 2 ^U»(n)< 
t£(t,.t) te(t,,t) 



(11) 



From © and (jlll) . we obtain 



This implies that 



< C7(i)_sup 11%^- u 2 jlli 2 (o)> te(U,t). 

t£(i,,t) 



_sup ||uji| H 2(n) < C7(£)^sup ||u F || L 2 (n) . 
te(t*,t) te(t»,t) 



(12) 



From (IT21 and the fact that 7(t) goes to zero as i — > t*, we obtain that there exists t > i* such that Ui t = U2 t 
for all i from (f * , i) . We arrive at the contradiction. Equality © is proved and the statement of the theorem 
follows from it and ©• B 
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3 Preliminaries for the proof of Theorem 1 



Henceforth we use the following notations. 

Notations, i = y— T, x\, X2, £1, £2 & K > z — x± + 1x2, C = £1 + ^£2, z denotes the complex conjugate of 
z e C. We identify x — {x\,X2) G K 2 with z — x\ + ix 2 € C, d z = ^(d Xl — id X2 ), c\ — \{d Xl + id X2 ), 
D = (isfr'Tai^)' ^ ne tangential derivative on the boundary is given by d? = ^2gf^- — ^lgf - ! where 
v = {v\,V2) is the unit outer normal to dfl. We set (u, v)L 2 (n) = Jq uv( ^ x f° r functions u, u, while by (a, 6) 
we denote the scalar product in K 2 if there is no fear of confusion. For / : R 2 — » K 1 , the symbol /" 
denotes the Hessian matrix with entries q° q x , C(X,Y) denotes the Banach space of all bounded linear 
operators from a Banach space X to another Banach space Y. Let |j ■ ||x be the norm in a Banach space 
X. We set ||u||_f/fc,T(o) = (|M|#fc( fi ) + l r | 2fe |Mli2(Q)) 5 - By ox(^:) we denote a function /(r, •) such that 
||/(r,OI|x = o(i) as|r|^+co. 

Let $7* be a bounded domain in M 2 such that f2 C f2*, Fo C <9f2* and F n dfl* — 0. 

For some a £ (0, 1), we consider a function $>(z) = ip(xi,X2) + iip(xi,X2) € C 6+Q (f2*) with real- valued y 
and ip such that 

<9 z $(z) = in lm$| ro =0. (13) 
Denote by H the set of all the critical points of the function $: 

— <9$ 

H = {zen,; —{z) = 0}. 
oz 

Assume that $ has no critical points on T, and that all critical points are nondegenerate: 

undnc T , <9 2 $(z) ^ o, Vz e ft. (u) 

Then $ has only a hnite number of critical points and we can set: 

H \ T = {xi, ...,xg}, Hr\T = {xi + i,...,xt+i'}. (15) 

Let d£l = Uj£. 1 7j, where jj is a closed contour. The following proposition was proved in [9]. 

Proposition 1 Let x be an arbitrary point in f2. There exists a sequence of functions {$ e } cg (o,i) satisfying 
M3\) . |7^| ] and there exists a sequence {a; e },e € (0, 1) swc/i t/ia£ 

— <9$ e 

x e € V. e — {z 6 fi; -^(2) = 0}, x € — >• x as e —> +0. 
oz 

Moreover for any j from {1, . . . ,7V}, we have 

74n 7j - = l /7 J nf>0, 
« ( n 7j cr„ z/ 7j nf = 

and 

Im$ e (x e ) ^ {/m$ e (a;); x £H e \ {x e }} and Im$ e (x e ) ^ 0. 
Later we use the following proposition (see [5]) : 
Proposition 2 Lei $ satisfy (T3j) and (TJ\ ). For every g £ i 1 (f2), we have 

/ ge T ^~^dx — >• as r — > +00. 
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Consider the boundary value problem 

L(x,D)u = f in fi, u\ gn = 0. 
The following proposition is proved in |12) . 

Proposition 3 Suppose that $ satisfies U3\) and \1J$ , u G Hq(£1) and \\q\\L°°(n) < K . Then there exist 
To = tq(K, $) and C — C(K, independent of u and t, such that 

|r||ke^||| 2(n) + \\ue^f mm + || ^e^||| 2(ro) + r 2 || ||^| ue ^||| 2(n) 

<C(||(i(x,Z>) U )e^||| 2(n) + |r| fj^e^da) V|r| > r . (16) 



Using estimate (|T5|) . we obtain 



Proposition 4 Lei $ satisfy \1S\) and |-?^| ). There exists a constant tq such that for \t\ > tq and any 
f G i 2 (0) and o G Hz(dQ), there exists a solution to the boundary value problem: 

L(x,D + irVLp)u = f in ft, u\r„ = g (17) 

such that 

Hlfl^n) < c(|r|t||/|U= w + h\\ Hi{ro) )- (18) 

The constant C in A18\) is independent of r. 

Proof. First we reduce the problem p7|) to the case g = 0. Let r(z) be a holomorphic function and r(z) 
be an antiholomorphic function such that (r + r)|r = ,g. These functions can be chosen such that 

IMI/f 2 (n) + FIIh 2 (o) < c ^\\9\\ H § p o y 

We look for a solution u in the form 

u = (e T ^'r + e~ T ^'r) + u, 

where 

L{ Xl D + irVip)u = f in 0,, u|r = (19) 

and / = / — qre lT ^ — qre~ lT ^ is extended by zero on \ J7. By Proposition 2.1 of [9] there exists a solution 
to the problem (TT9"f such that 

t^NIl^) < C||7|| L 2 (n) (20) 
Obviously the restriction of the function u on £1 satisfies the estimate 

\\u\\m,Hn)<C\r\i\\f\\ LHn y (21) 

The proof of the proposition is finished. I 
Let us introduce the operators: 

«-i 1 f ff(&>&) At , c Q _i 1 /" 5(6,6),, , t 
% 5 = / — : d6d6, O z g = / -= — —d(,id& 

and 

2 2 
Then we have (e.g., p.47, 56, 72 in [33]): 

Propositions A) Let m > be an integer number and a G (0,1). Then cC 1 ,^ 1 G 

c(c m+a (n),c m+a+1 (Ti)). 

B) Let 1 <p < 2 and 1< 7 < T/ien flf 1 ,^ 1 G £(£ p (^), £ 7 (^)). 

CjLei 1 <p < 00. TTien Sf G £(L p (ft), W^ft)). 
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4 Proof of Theorem 1 

Let the function $ satisfy (ITUl) and (fL4")) , and x be some point from H \ T . Without loss of generality, adding 
to the function $ a suitable negative constant, we can always assume that 

max(p(x) < 0. (22) 

Let a e C 6+a (fl) be a holomorphic function such that 

-^ = inO, Rea| ro =0. (23) 
oz 

By Proposition 4.2 of [12], there exists a holomorphic function ao(z) € C 7 (il) such that 7mao|r = 0, 
ciq(x) = 1 and ao vanishes at each point of the set H \ {x}. Then, choosing £ € N large, we see that a — 
is holomorphic with the following properties: 

o(x) = l, d^d^a(x)=0 Vx €H\ {x} and Vai + a 2 <6. (24) 
For example, we can choose £q = 100 and fix. Short computations yield 

ii(x,L>)(ae T *) = giae T *, Li(x, L>)(ae T *) = giae r¥ . (25) 

Let ei, e 2 be smooth functions such that 

e 1 + e 2 = 1 on ft, (26) 

and ei vanishes in a neighborhood of <9f2 and e 2 vanishes in a neighborhood of the set T-L \ Tq. 
We have 

Proposition 6 Let q G C 2+a (0) /or some positive a and q £ Wp(Q) for some p > 2. Suppose that q\u = 
q\u = 0. There exists smooth function m + € C 2 (dfl), which is independent of t, such that the asymptotic 
formulae hold true: 

^Ma+^))U = e T( *-*> +o c2(an) (-j)J a S |r|^+oo, (27) 

Kr(ei(g+ ^))|an = (^ m + e +0c2( ^ )( _L)j a»M -►+«>. (28) 

and 

\\n T {ex{q + «)) - Hi.cn) + ||^r(ei(5 + -)) - r^lU»(n) = o(-) a* |r| oo. (29) 

Proof. Since suppeig CC ft by (f26|) . the functions Te T ^~^TZ T {e\q) are uniformly bounded in C*(<9ft) 
for any positive integer k. By Proposition 4 of |14j . the functions re r '*~*)7?. r (eig) converges to zero pointwise 
on <9ft as r approaches to infinity. Therefore 

^(ei^)| af2 =e r ( ¥ "*) 0c2(90) (l) as|r|^+oo. (30) 

We set g* = X)fc=i e(i-^)((V?(Jf),i-i«) + |(g"(5^)(a; — ), (x — Xg))), where e is a smooth function such 
that the support is located in a small ball centered at the origin and e is equal to one in some neighborhood 
of the origin. Integrating by parts, we have 

« 2 £r(ei(g - g*))|an = ^ J n div(d^ 2 ^Z|^ V^)e 2 ^^| 9 n, Vft + ft < 5. 
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Since div(d^d^ fcl^v^p V V0 belongs to the space W£(SY) with p(a) > 2, by Proposition 4 of Q3] this 
integral converges to zero. Then from the stationary phase argument, we obtain 

„ _ / m p 2irip(x) i \ 

ftrMlan = e r( *-* } f ^5 + ocW^) ) as M 

Therefore the equality (|2"7)> is proved. The asymptotic formula (|28p follows from (|2"7)l and the equality 

lZ T (ei(q + = 1Z T (ei(q + In order to prove (|29|) . observe that by Proposition [2 the functions 

e 2tT ^7l T (ei-) and e _2lT ^7?. T (ei-) converge pointwise to zero and by Proposition [5] they are bounded in 
H a (fl) with some positive a. Thus they converge to zero in L 2 (Q) as r goes to infinity. Applying Proposi- 
tion 3.4 from [12], we finish the proof of (|29|) . ■ 



Denote p\ = ^d F 1 (qid) — M(z) € C 3+Q (17), where the function M is the polynomial such that 

pi(x) = 0, d%ld%lpi{x) = for Vie e % \ {£} and Vai + a 2 < 3. (31) 
Next we introduce holomorphic functions a_i,a + £ C 2 (f2) as follows: 

(a_ 1 +a_ 1 )| ro =Re{^} ) (32) 

d^d%*a-i(x) = for Vie G % and Vai + a 2 < 2, 

(a+ + a+)|r = m+. (33) 

We set pi = — <7i(^% + a_i) + D)(^j^) and pi = iQr 1 ^ — M(z), where M is a polynomial such 
that 

= 0, d^d^pi(x) =0 for \fx £H\ {x} and Va x + a 2 < 3. (34) 
Since ^jpg € i/^dfi) by ([26)) and ([34|) . there exists a holomorphic function a_ 2 E £T^(f2) such that 

(a_ 2 +a_ 2 )| ro =Re{|^}. (35) 

By Proposition |6l there exists a function m + £ C 2 (dft) such that 

£r(ei(pi + ^)) = e r < ¥ -^ ^ m + e ^ TV ' (3:) + 0c2(9n) (J_)j as|r|^+oo (36) 

and 

^(e 1 (p 1 + ^))=e^- ¥ )f^±^ + °cW^)) as|r|^+^. (37) 

We introduce the function a T £ i? 1 (SI) by 

l-i - e 2 pi/2d z $ i 1 ^ffl 24T ^ (£)t7 , ^ Pie 2 



flr = a + -^/--*- + _ e ^r mx)a+ + e -*rn*)a + + a _ 2 - ££± . (38) 



T 

Using this formula, we prove the following proposition. 
Proposition 7 The asymptotic formulae are true: 



2d z $ 
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i!(.T,Z?)(a T e r * + a T e T * - e r *^ T (ei(pi +pi/r)) - e^ft^erfo +pi/r))) = e rv 0i 2 (0) (-), (39) 
(a T e T * + a T e r¥ - e r *^ T (ei(pi +?i/t)) - e^n T {e x {p x +WxM))\v = e T *o m(ro) {\). (40) 
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Proof. By (T3J) and 1(52 ]) -([55 ]1 . we have 



(a T e T * + a T e T * - e T ^ r ( ei (<zi + pi/r)) - e^TZ^eifo +Pi/r))| r „ 

= (a T e T ^ + a T e T ^ - e T *^ T (ei(p 1 + J>!/r)) - e T ^ T (e 1 (p 1 +FT/r))|r 
gT + a_ 1 -e 2 p 1 /2d z ^ + 1 (e 2<^(5) + e -*r*(S) 5 + fl 2 _ 



a-i - e 2 pj2d^ + }_, 2iT ^ 

"7-2 



a + + e- 2lr ^a+ + a_ 2 



2c^$ 



r r 
-^ r (ei(pi +Pi/r)) -K T (e 1 (p 1 + Pi/t)))\t 
= e T¥ '{4(e 2irV ' (2) a + + e" 2lT ^ (5r) a + + e^ 3 ^ + e - 2lT ^a + ) 

-n T {e. x {p\ +PiM) - n T {ex^-i +pi/r))}|r = eTip °H^(r )(^)- 

Here in order to obtain the final equality, we used (|54[) and (|55|) . Proposition [5] and simple computations 
imply the asymptotic formula: 

L\(x,D){—e T ®'fL T {ei{pi + Pi/t)) - e ^ Pl + Pl _ e^fafo + Wi/r) 



e2(Pi +Pi/r )e 
2t3^ 



T<I> 



2r<9 2 $ 



= -Li(z,£>)(e T *72 T (ei( P i+pi/r)) + 



e2(pi +pi/r)e 



2rd z $ 
e2(Pi +pi/r)e T * 



2r<3 z -$ 



-gie r *7^ r (ei(pi +Pi/r)) - qie T *7?. r (ei(p 1 +pi/r) 



2t<9 z $ 



— t$ r$ t* e lPl 

-qiae - q x ae - q x e - q x e 

2to z <P 



2Tdz§ 

r$ e lPl 



2rd T ^ 

, ^ eiPl , r ^ m/ e2Pl ^ ^* , 1 / ei Pi , r I r>v e2p ~i ^^ r¥ , / 1 

+ 7 (91 2^$ +Ll(x '^fe ))e + r (9l 2^1 +il(a; ^ )( 2^1 ))e +e ^)^ 

= --gia_ie g2a-ie - <7iae - q 2 ae + e v o L 2, n) {-). 

t t v ' ■ r 

Similarly to (|25|) . we obtain 

L 1 (x,D)(a r e r ' I, + a T e r * 
= 9i (a 



(41) 



e2(Pi +Pi/T)e T * e 2 (p 1 +pi/r)' 



,r<I> 



2r<9 2 $ 



e2(pi t3> i /— c 2V^l T PL/ i I s r$ 

e + qi(a T 



2t5 z -<$> 
e2(Pi +pi/r). 



2r<9 z $ 



2rd z -<f> 



(42) 



By fl42|) and gT]), we obtain d39J. ■ 

Using Propositions |4] and Lll we construct the last term u-i in the complex geometric optics solution 
which satisfies 

3 1 

\\u-x\\m.-r{n)/W =°(-) as|r|^+oo. (43) 
Finally we obtain a complex geometric optics solution for the linear operator Li(x,D) in the form: 

ui,*(x) = a T e T * + a T e r * - e T *K T {p x + Pi/t) - e T *n T ($ x + pI/t) + e T ^it_i. (44) 
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Obviously 

Li(x, D)ui^ — in O, ui,*|r = °- ( 45 ) 
Thanks to (J3)), there exist positive constants C and k, both independent of r, such that 

\\e- T *Pi (x, £>K*|U2 (n) <Ce~ KT . (46) 

We finish the construction of the complex geometric optics solution for the semilinear elliptic equation 
P\{x, D) = Li(x, D) — fi using the Newton-Kantorovich iteration scheme. More precisely we use the Theorem 
6 (l.XVIII) from [T] p.708. 

Following the notations of pQ, we set xo = 0,X = {u G H 2 ' T (Q), u\r = 0}, || • ||x = II • II = II ' \\h 2 ' t (q) an d 
P = I + Li(x, D + iTVtp)~ 1 e~ Tip f(x, e TV o). Here by L\{x, D + ztV(^) _1 we mean the operator from L 2 (fl) 
into the orthogonal complement of Ker L\(x, D + ir'Vip) in X, and / is the identity operator. The mapping 
P is twice continuously differentiable as the mapping from X into X. By Proposition 21 we have 

||ro|U(X;X) < Ct 2 . 

From this inequality and (|46[) . we have 

\\r Q P(xo)\\<CT 2 e- KT = V (t). 
We set fi = {x|||x — x \\ < r }. By ((4]), we have 

\\T P"(x)\\<Ct 2 = K(t). 



Then h = K(t)t] < T 4 e~ KT and r = W h~ 2/t ?7 < 2r 2 e~ Kr < \ for all sufficiently large t. Then there exists 
a solution to the equation P(x) = such that ||x*|| < rg. 

Let u\ be a complex geometrical optics solution to the semilinear equation P\(x,D) of the form: 

u = mi,* + e Tip u cor , \\Ucor\\H 2 >T(n) = o(-) as r ->• +oo. (47) 

Similarly we construct the complex geometric optics solutions to the operator L 2 (x,D) : 

v(x) = a T e- T * + a T e- r * - e - r *ft_ T (p 2 + p 2 /r) - e- T *K- T (p 2 +P2/r) + e^V-i- (48) 
Here the function a T is given by 

~ _ , a-l + e 2 p 2 /29 2 <I> 1 / 2i T1 A(x) , -2rrMx)- , ~ P2e 2 



f e 2W.(*) a _ + e -2ir^(x) s _ + ~_ 2 _ : (49) 



where p 2 = 1 (g 2 a) — M\{z) G C 3+Q (f2) and the function Mi is the polynomial such that 

p 2 (x) = 0, d^d^p 2 {x) =0 for Vx G W \ {x} and Van + a 2 < 3. (50) 
The function a_i G C 2 (£l) is the holomorphic functions such that : 

(a_i+5Z7)|r Q =Re{||}, (51) 

d^d^a-xix) = for Vx G H and V«i + a 2 < 2. 

We set p 2 = \d^ x p 2 - M x (z) and p 2 = -<72(fgf§ + «-i) + L 2 {x,D)(^^), where Mi is a polynomial 
such that 

p 2 (5) = 0, d^d^p 2 (x) = for VxeH\ {x} and Va x + a 2 < 2. (52) 
Since G i/ 1 (9f2) by ([52]). there exists a holomorphic function a_ 2 G i/ 1 (f2) such that 

(S_ 2 +SH)|r =Re{||}. (53) 
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By Proposition [HI there exists a function ra_ G C 2 (dfl) such that 

n-r(ei(P2 + ^)) = e Ti *-* ) + o C Hon)(^)) as |r| -> +00 (54) 

and 

^ r ( ei (p 2 + ^)) = e^- ¥ ' (^^2 +ocHon)(^)j as|r|^+oo. (55) 

Next we introduce a holomorphic function a_ 6 C 2 (ft) such that : 

(a_ +a_)|r = m -- (56) 
Obviously the function a T belongs to TJ^ft). Using Proposition HI we have 

t( n\( -t4"5 1 1 , few , ^^(pi + t) 
L 2 (x,D)\-e K- T ( ei (p 2 + -)) + 

-e K- T (ei(p 2 + — + r 

= -L 2 (x, J D)le ^_ T ( ei (p 2 + — )) I 

-L 2 (x,D)\e TZ. T (e 1 (p 2 + —)) 2r g_ ¥ 1 

= -e-^^_ T ( ei (p 2 + £)) - e-^ 2 ^_ r ( ei (p 2 + £)) 

t r 

-g 2 (a+^i )e- r$ - q 2 (s+2zl) e -r* + e -^ (I) as T +0O . (57) 

T T T 

Setting = 2 r e- r * +57e- T * - e- T *7^_ T (ei(p 2 + ^)) - e- r *ft_ T (ei(p 2 + we obtain that 

L 2 (x,D)v* =e- T *o L * m (^) inO, «*|r = e- T ^i (ro) (i) as r -> +00. (58) 

Using ([551) and Proposition 2] and [71 we construct the last term v_i 6 iJ 2 (ft) in the complex geometric 
optics solution which solves the boundary value problem 

L 2 (x,D)v- 1 = L 2 {x,D)v* in ft, v- 1 \ r<3 =v*, (59) 

and we obtain 

— 1 1 

MI|w-i||l 2 (o) + -=||(V«_i)||i3(n) = o(-) as t +00. (60) 



Finally we have a complex geometric optics solution for the Schrodinger operator L 2 (x, D) in a form: 

v = v* +v- 1 e- T ' p . (61) 

By ([6l]l, (dHJ) and ([111), we have 

i 2 (x,L>)w = in ft, v|r o =0. (62) 
Let u 2 be a solution to the following boundary value problem: 

L 2 (x,D)u2 — f(x, U2) = in ft, u 2 |an = wi|an, ~^\f = T^f'f' ( 63 ) 

12 



Taking the scalar products of equation (1631) with the function u 2 and integrating by parts, we have 



(|Vu 2 | 2 + C 2 |u 2 | p+1 )da;< lu 2 ^da + I q 2 u\dx + C Vol(Q). (64) 
in Jr Jn 

From using (IT5|) . we have 

\\u 2 \\m(n) < C. (65) 
Then by ([2]) and (j4}, there exists <?3 <G L p (51) for any p <E (1, oo) such that 



(A + g 3 )u 2 =0 in O, u 2 |ao = ui| a n, TTTir ~ ir- 



<9u 2 9«i 
<9^ r <9f 



Applying to this equation Carleman estimate (|16p , we obtain 

||w 2 e-^|| H x,r (n) < C| T |* Vr>r . (66) 

Similarly 

Ke- T 1U M fi)<C|T|5 Vr>r . (67) 

By (09}, (@3| and ((47]), we have 

W^hion^Cf 2 - ( 68 ) 

Hence, by (j6"6"]) . (|6T| and (|6"5f we obtain 

||uie-^||^ ( n) + ||« a e- T *'||iri.-(n) < C\r\ 2 Vr > r . (69) 
Therefore, by (|69|) and f|22[) . there exists T\ > such that 

ll w illc«(n) + ll w 2|| C o ( n) < s Vr>n. (70) 

Setting « = — u 2 , we have 

L 2 (x,D)u + (?i - q 2 )u\ +fi(x,ui) - f 2 (x,u 2 ) = in tt (71) 

and 

u\ an = 0, ^lf = 0. (72) 



Let v be a function given by ([BTj). Taking the scalar products of (fTTj) with w in L 2 (f2) and using (f6"2"]l and 
([72"]) . we obtain 



= <5(iti,u) = / (gi - q 2 )uivdx + / (/i(x, ui) - / 2 (x, u 2 ))vdx. (73) 

Our goal is to obtain the asymptotic formula for the right-hand side of ([73"]) . 
By © and ©, there exist positive constants C and 5 such that 

\f(x,y)\<C\y\P, V(x,y)eflx[-6,S\. (74) 

Using ([74]), d23) and ([22]), we obtain 

(/i(z,ui) - /afo u 2 ))«da:| < / Ul )| + |/ 2 (z, u 2 )|)|t;|da; < C / (M P + \u 2 \ p )\v\dx 

Jn Jn 

< C [ e^-^He-^u^ + \e- Tip u 2 \ p )\e TV v\dx < Ce pTm ^ n v = o(-). (75) 
Jn t 

By (|4T|). p4]) , (|43]) and Proposition H we have 

uifr) =2Re{( a +^i) e T *-|i^J-} + e ^o L2(0) (i) asr^+oo. (76) 
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Using ([I8"]l. and Proposition [SJ we obtain 

t;(aO = 2Re {(a + ^±)e"^ + ^^-} + e^o L 2 (n) (-) as r -> +00. (77) 
By (|76|) and (f77|) . we obtain the following asymptotic formula: 

<a>( Ul ,v) = (( qi q 2 )u 1 ,v) LHn) = (( qi q 2 )((a + ^V* + (a + ^)e^ - - |£0 + e ^ 0i2(n) (I)), 

/ - T $ . . a-x _ r¥ p 2 e_T * , P2e~ r * _ r ,1,, 

(«+— )e +(«+— )e + w = + 1 ^- ¥ + e -o L , (n) {-)) L , {n) 

= I (2( qi q 2 )Rc{(a + ^-g)(a + ^ + + 2( ?1 - g2 )Re{| a | 2 e 2 "n)^ + «(-)• 

Applying the stationary phase argument (see e.g., [3]) to the last integral on the right-hand side of this 
formula and using (|24l) . we have 

&(m,v)= [ 2( qi - q2 )Re{(a+^--^-)(a+^ + -^-)}dx (78) 
J si t 2tO z ® t 2rd 2 $ 

, „ (gi - q2 ){x)e 2 ^^ + {q x - q 2 )(x)e- 2i ^W 

+Zn : 

r|det ip"(x)\h 

+ ±f {qi - q2 )\a\^^ d ,-± f {qi - q2M ^^ da + 0{ ^ 
2n Jon \Vip\ 2 2ti J dn |Wr T 

By Proposition [TJ we have 

^ / (ft - , 2 )MV^^^ - ^ / (ft - ft)M 2 e-^%^ = (i). (79) 

Since -0(^) 7^ 0, we obtain from ([75| and (j?9")) that ft (2;) = 92 (J)- Since 2: can be chosen an arbitrary close 
to any point in the domain 17, we finish the proof.H 
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